We examine the effects of the full Dresselhaus spin-orbit coupling on laterally confined quantum wire states. An analysis of the relative contributions due to linear, quadratic, and cubic Dresselhaus spin-orbit terms on the energy levels, spin splitting, and spin polarization has been carried out. The effects of wire cross-sectional geometry shapes on the electronic structure are explored. In particular we compared the results of semicylindrical and cylindrical confinements and have found important differences between the spin degeneracy of the ground-state level and the spin-polarization dependence on sign inversion of the free linear momentum quantum number along the wire axis. Different from other symmetries, in both cases here considered, the stronger spin-splitting effects come from the quadratic Dresselhaus term. We report ideal conditions for realization of spin-field filter devices based on symmetry properties of the spin splitting of the ground state in semicylindrical quantum wires.
I. INTRODUCTION
Bulk spin-orbit interaction ͑SOI͒ effects of zinc-blende crystals have been discussed in earlier theoretical papers. [1] [2] [3] They break the spin degeneracy of the Bloch states for every wave vector k in the absence of a center of inversion and lead to the energy spin splitting of the electron and/or hole states without lifting Kramer's degeneracy in the absence of an external magnetic field. In low dimensional heterostructures, this spin splitting can be tuned by external field and classified into two effects either induced by bulk inversion asymmetry ͑BIA͒ in zinc-blende crystal structures, known as Dresselhaus SOI, and/or by structure inversion asymmetry ͑SIA͒ of the confinement potential.
The intrinsic form of BIA SOI which affects the energy level separation of carrier states in zinc-blende nanostructures can be detected via spin-polarized optical and transport measurements. Recently, the BIA-induced spin splitting has been detected experimentally through the Shubnikov-de Haas effect in uniaxially strained bulk InSb and by analyzing the precession of the spin polarization of photoexcited electrons along the ͑110͒ GaAs surfaces. 4 In turn, SIA-induced spin splitting has been detected via analysis of optical polarized emissions from electron and hole charge densities accumulated in layers of GaAs-AlAs tunneling diodes 5 under applied parallel electric and magnetic fields.
In this work we present a detailed k · p analysis of the electronic structure in semiconductor quantum wires ͑QWRs͒ of different geometrical shapes after including all Dresselhaus SOI terms in the Hamiltonian for the conduction band states which contain the full symmetry of the crystal. 3, 6, 7 QWRs have attracted attention because of their potential applications in spintronic and optoelectronic devices. The study of these systems allows us to understand the role played by dimensionality, 8 by electron-electron interaction, 9 as well as by size and shape quantization effects on their electronic properties. 10, 11 In general, the Dresselhaus SOI coupling has been introduced to the electronic structure of nanostructures by taking the mean values of the wave-vector operators k z 2 and k z , as usually done in quantum dots 12 ͑QD's͒ or in a twodimensional ͑2D͒ electron gas in quantum wells ͑QW's͒. 4 In most cases, ͗k z ͘ = 0 and such approaches consider only effects due to in-plane k-linear terms proportional to the inplane k components ͑k x , k y ͒. 3, 8, 13, 14 For other types of confinements, as well as for materials with a large values of SOI parameters, the k-cubic term must be included in the total Hamiltonian. Recently, the effect of the k-cubic term has appeared to be relevant even for GaAs-AlGaAs, a system with very small SOI parameters. 15, 16 Moreover and due to the translational invariance symmetry of one-dimensional ͑1D͒ quantum systems along the z axis, the BIA quadratic term, proportional to k z , should also have a relevant contribution to the electronic subband structure of QWRs.
Later on we shall discuss why SOI quadratic and cubic terms are essential to determine eigenenergies, spin-splitting energies, and spin polarizations of electrons in the conduction band of QWRs. By changing the ratio between SOI and quantum confinement strengths we can follow the relative influences of each BIA term on the electronic spectra. Furthermore, besides the qualitative differences between circular and semicircular cross-section QWRs, we will also show that any symmetry reduction leads to a set of eigenstates affected by different combinations of SOI linear, quadratic, and cubic Dresselhaus contributions. Hence, symmetry considerations to determine the Hilbert space for the solutions used in the expansion of the spinor states and the relative effects between different SOI terms become the main issue under discussion in this work. In this study, we will focus on the interplay between linear, quadratic, and cubic BIA contributions to the spin-splitting energy and the corresponding spin polarization of the ground state of nanoscopic QWRs. In our analysis we have found that the k-linear and k-cubic terms keep the degeneracy of the eigenenergies in a semicylindrical QWR and, in consequence, their contribution to the spinsplitting energy is negligible. Finally, we addressed the ef-fects associated to the reduction in the cylindrical symmetry on the dependence of the ground-state energy on the sign of wave vector k z along the propagation direction and its notably high degree of spin polarization at low velocity values.
II. INFINITE QUANTUM WIRE SYSTEMS
The total single-particle Hamiltonian for the conduction band of a QWR, including all Dresselhaus SOI contributions, can be written as
where H 0 = ͓ប 2 k 2 / 2m ‫ء‬ + V͑r , z͔͒I is the Hamiltonian for uncoupled spin-up and spin-down electron states, I is the 2 ϫ 2 identity matrix, V͑r , z͒ is the total spatial confinement for Cartesian coordinates r = ͑x , y͒ and z along the wire axis ͑see Fig. 1͒ , H D = ␤͑ · ͒ is the BIA Hamiltonian, m ‫ء‬ and ␤ are the electron effective mass and Dresselhaus SOI parameter for the material, respectively, = ͑ x , y , z ͒ is the Pauli spin-vector matrix, and is a vector operator with x = ͑k y k x k y − k z k x k z ͒ and cyclic permutations for the other y and z components and of the associated linear momentum operator k = ͑k x , k y , k z ͒. The effective full BIA Hamiltonian can be separated into three contributions with the form
where
These terms are, respectively, the linear, the quadratic, and the cubic Dresselhaus SOI contributions written in terms of operators
‫ء‬ a 2 ͒ is the energy scale for the QWR confinement inside a cylinder ͑or semicylinder͒ of radius a ͑see Fig. 1͒ . For free motion along the z axis ͓V͑r , z͒ϵV͑r͔͒, we can show that the commutator ͓k z , H͔ = 0 thus, the eigenvalue of k z operator ͑k z ͒ becomes a good quantum number. Under these conditions, the Schrödinger equation for H is separable, in the entire level spectrum, as a product of purely in-plane localized function on the radial coordinate r times free motion function along z axis. For mathematical simplicity we will assume a hard-wall confining potential model with V͑r͒ϵ0 inside the region ͉r͉ Ͻ a and infinite barrier outside the wire with V͉͑r͉ Ն a͒ = ϱ. Without SOI, the eigenenergies of the Hamiltonian in Eq. ͑1͒ become degenerate and correspond to the spinor eigenfunctions, ͉ + ͘ϵ͑ 
where ٌ Ќ 2 is the Laplace operator expressed in polar coordinates, r = ͑ , ͒, and E 0 is the eigenvalue of the Hamiltonian H 0 in Eq. ͑1͒. The corresponding boundary conditions for a cylinder with circular cross section ͑right panel of In order to fulfill conditions ͑4͒ or ͑5͒, the eigensolutions, f n,m ͑ , ͒, with quantum numbers n and m are products of integer-order Bessel functions, J n ͑u͒, times the corresponding circular eigenfunctions,
In these expressions, n,m = ͱ ͑E 0 / E 0 − ␣ z 2 ͒ are the mth zero of the nth-order Bessel function, J n ͑ n,m ͒ = 0, and ␣ z = ak z . The superscripts, c and sc, label the solutions corresponding to cylindrical and semicylindrical confinements with normalization constants
The eigenfunctions of the total Hamiltonian H, in Eq. ͑1͒, are represented by spinors ͉͘ϵ͑
͒, where the offdiagonal contributions mix spin-up and spin-down components of Ŝ z . They are determined by the 2 ϫ 2 Schrödinger equation, It is straightforward to show that the functions defined in Eq. ͑6͒ form a complete set of orthonormal eigenstates for the spaces determined by Hamiltonian ͑7͒ with boundary conditions ͑4͒ or ͑5͒. Therefore, we can build each component ͉ Ϯ ͘ of the spinor ͉͘ as a linear combination of functions given by Eq. ͑6͒,
In principle, the above expansion yields infinite generalized eigenvalue problems for the Hilbert space of Eq. ͑7͒. It becomes clear that each Dresselhaus contribution appearing in H causes different admixtures between the quantum numbers n and m of the spin-up and spin-down components of spinor states. As will be shown in Secs. III A and III B, the semicylindrical QWR symmetry imposes restrictive conditions on the spin-degenerate energy levels and on the corresponding spin-carrier polarization ͗Ŝ z ͘ of the ground state.
III. ENERGY LEVELS AND SPIN CARRIER POLARIZATION
We can search for solutions of ͉ Ϯ ͘ by direct substitution of expansion ͑8͒ into Eq. ͑7͒. Then, we end up having to solve an eigenvalue problem, ͓H − IE͔C = 0, where H = ͑H s,s Ј ͒ is an ͑l ϫ l͒-square matrix ͑the l value accounts for the convergence of the numerical procedure to solve the secular equation͒ with elements given by In order to simplify the identification of each state admixture induced by the SOI, let us label the components of a spinor eigenstate as ͉n , m ; ͘ according to the character of the state at zero BIA interaction given by pure or uncoupled ͉ =+͘ or ͉ =−͘ spin states with eigenvalues Ϯប / 2 along the quantization z axis, respectively. In the sequence, we will be discussing the mixing effects that affect energy levels, spinsplitting energy, and spin polarization caused by the linear, quadratic, cubic, and full Dresselhaus SOI terms for wires with cross sections shown in Fig. 1 . It is observed, in Eq. ͑9͒, that under the inversion transformation, k z ⇔ −k z , we obtain the same conduction subband mirror states by only changing spin direction ⇔ −. Hence, in Sec. III A we present the electronic spectrum for k z Ն 0 only.
A. Cylindrical cross-section confinement
In the absence of SOI the eigenstates of Eq. ͑3͒ for cylindrical QWRs and with boundary conditions given in Eq. ͑4͒ have eigenenergies E n,m = E 0 − E 0 ␣ z 2 = E 0 n,m 2 . These states labeled ͉ Ϯ ͉n͉,m ; Ϯ͘ are twofold degenerate for the z component of the angular momentum n = 0 and fourfold degenerate for n 0. The mixing induced by BIA terms in H D breaks the spin degeneracy of QWR states in different manners. Following the calculation given in the Appendix we observe that the matrix elements of the off-diagonal linear, g s,s Ј Ϯ , and cubic, j s,s Ј Ϯ , Dresselhaus terms ͓see Eqs. ͑A2͒ and ͑A5͔͒
couple states with opposite spins ͑interspin coupling͒ with ⌬n = nЈ − n = ϯ 1 and ⌬n = ϯ 3, Ϯ 1, respectively. However, the quadratic BIA spin-orbit coupling occurring in the diagonal of Eq. ͑9͒, h s,s Ј , connects those states in Eq. ͑8͒ with ⌬n = Ϯ 2 ͓see Eq. ͑A3͔͒ but inside the same spinor component ͑intraspin coupling͒ preserving the spin polarization between coupled quantum numbers ͑n , m͒. The energy splitting induced by this quadratic coupling is similar to the Zeeman splitting induced by a magnetic field; besides, it does not mix different n-index parities of the Bessel functions entering the linear combination of Eq. ͑8͒.
According to the present selection rules, the Hilbert space for the spinors Ϯ ͑r͒ can be split into two independent subspaces, labeled U and L, which are classified according to the parity of the quantum number n and spin orientation forming the components of each spinor. Thus, the Hilbert subspace U ͑L͒ gathers spinor states with spin-up ͑spin-down͒ components having odd n values ͑even n values͒ that are coupled with states with spin-down ͑spin-up͒ and even n values ͑odd n values͒. Hence, the eigenvalue problem for the Hamiltonian in Eq. ͑7͒ can be solved independently for each class of states L and U.
In Fig. 2͑a͒ we are showing effects caused by the BIA terms on the first 12 eigenvalues of H 0 as a function of the normalized Dresselhaus parameter ␥ D = ␤ / ͑a 3 E 0 ͒ and for a giving value of the dimensionless wave number ␣ z = k z a, forming the U class eigenstates. Here, the fourfold degener-m = 1, whereas the semicylindrical QWR symmetry, fulfilling the boundary conditions in Eq. ͑5͒, forbids the presence of states with n Յ 0. Therefore, under this geometry neither H 1D nor H 3D contributes to the energy spin splitting besides leaving the states twofold degenerate. As seen in Fig. 5͑b͒ , their effects produce only small shifts to the energy levels.
Finally, the spin polarization of ground states of a semicylindrical QWR, z ͑1,1͒, is qualitatively different from the cylindrical case due to different contributions induced by Dresselhaus SOI. For any level, there is not spin-degeneracy for a fixed value of k z in contrast to the cylindrical case where there are always twofold spin-degenerate levels at any fixed value of k z , regardless its propagation direction ͑Ϯz͒. The semicylindrical confinement has given rise to an energy splitting of twofold degenerate levels of QWRs produced by the H 2D term, a dominant process that preserves spin polarization at small values of k z . This opens the possibility of using low velocity ͑v z = Ϯបk z / m ‫ء‬ ͒ transport measurements to explore preferential spin channels according to the sign ͑propagation direction͒ of induced spin-polarized currents in these quasi-1D nanostructures. Moreover, using this peculiar symmetry for the ground state in semicylindrical QWRs we can expect the formation of robust spin-filter devices. If electrons with energy E / E 0 Շ 17 are injected along the z axis of semicylindrical ensemble of parallel QWRs, this device can only transmit a high degree of spin-up current in direction +z and opposite spins in the −z direction. A dominant spin-up or spin-down character of the current depends on the sign of the z , and the current density is directly linked to the interplay between the radius a and the wave vector k z , as seen in Fig.  7 . The ratio 2m␤ / ប 2 = 5 Å, used in Fig. 7 , corresponds to totally realistic values for InAs semiconductors. 18 For cylindrical radius 30Յ a Յ 60 Å and 0 Ͻ k z Ͻ 0.5 Å −1 , it is possible to get more than 90% degree of spin-polarized currents in the independent spin-up and spin-down channels. These results are based solely on the spatial symmetry properties of the quasi-one-dimensional nanostructures and enable realization of spin filters and tuned spin-polarized current densities in both parallel QWR directions. Also, combination of parallel wires may be used to generate logical gates, necessary for quantum information transmission and spintronic devices.
It is worth commenting on another SOI contribution provoked by the structural inversion asymmetry in nanostructure, the so-called Rashba interaction. The Rashba spinsplitting Hamiltonian, H R = ␣k ϫ ٌV · , 19 in a material with coupling parameter ␣ is associated to spatial asymmetries of the lateral confinement potential, V͑x , y͒. This contribution is linear on k components and presents the same mathematical structure as the H 1D term. It is clear that eigenstates of H 0 + H R are also eigenstates of H 0 + H 1D . The effect of this term adds to the linear Dresselhaus SOI, ͑for more detailed discussion see Ref. 11͒. For fixed SO-coupling constant, the spin splitting induced by H 1D is positive ͑see Figs. 3 and 6͒, whereas for H R the splitting ⌬ n,m ͑1͒ has negative values. Therefore, the net effect of H 1D + H R is to minimize the contribution from H 1D and decrease the values of ⌬ n,m ͑1͒ . 11 Moreover, the efficiency of the proposed spin-filter devices should decline for high impurity concentration or under strong current density injection where the electron-electron interaction becomes important. The validity of our proposition is directly linked to the conservation of the wave vector k z . In this sense, these two effects break translational invariance along the z axis and the single-particle problem based on k z conservation would require another formulation. and the matrix identity ͗s͉Â B ͉sЈ͘ = ͚ p ͗s͉Â ͉p͗͘p͉B ͉sЈ͘.
ACKNOWLEDGMENTS
k Ϯ = − ie Ϯi ͩ ‫ץ‬ ‫ץ‬ Ϯ i ‫ץ‬ ‫ץ‬ ͪ.
